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Abstract. We identify analytically a multiple-peak structure in the energy-density spectrum
of induced gravitational waves (GWs) generated at second-order from a primordial scalar
perturbations also with multiple (n) peaks at small scales k∗i. The energy-density spectrum of
induced GWs exhibits at most C2n+1 and at least n peaks at wave-vectors kij ≡ (k∗i+k∗j)/
√
3
due to resonant amplification, and, under the narrow-width approximation, it contains an
universal factor that can be interpreted as a result of momentum conservation. We also
extend these discussions to the case of non-Gaussian perturbations.
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1 Introduction
The current march on the detections of gravitational waves (GWs) with astrophysical ori-
gin from compact binary merger[1, 2] has renewed rich perspectives of other sources of
GWs preferably from the early Universe[3] that could probe fundamental physics at an
unprecedented level[4]. For example, the primordial GWs from inflation era[5] could fix
the benchmark scale of inflation[6] and possibly rule out[7] other alternative of cosmological
scenarios[8–12]; the GWs from preheating/reheating era[13, 14] could further constrain the
inflation model; the GWs from cosmological first-order phase transition[15, 16] could pave
the road beyond the standard model (SM) of particle physics; and the GWs from topological
defects[15] such as cosmic string could be the first smoking gun for string theory.
Recently, the renewed interest[17–30] in the induced GWs from primordial scalar per-
turbations has drawn a lot of attention. Although the primordial scalar perturbations on
large scales have been elaborately probed in a well-established manner[31], the primordial
tensor perturbations are still at large from the current scope of detections. Since the pri-
mordial tensor perturbations on CMB scales are small due to the current constraint for the
tensor-to-scalar ratio [32–34], it is difficult to be detected in the near future[35–38]. However,
even though the scalar and tensor perturbations are decoupled at first order in perturbation
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theory, they are coupled at second order and induced GWs could be sourced by two scalar
perturbations in the radiation dominated (RD) universe[17, 18]. Furthermore, if the scalar
perturbations are peaked at some small scales which will not affect the well-constrained den-
sity perturbations on CMB scales, the induced GWs could be large and detectable in pulsar
timing array or future interferometers[35–45]. Such enhanced scalar perturbations at small
scales could also lead to the formation of primordial black holes (PBHs) at the horizon reen-
try of the corresponding wavelengths[46–48], which could serve as an appealing candidate for
dark matter (DM)[49–51] as well as explaining the large merger rate of binary black holes
observed in LIGO detections of GWs[52–55].
There are many works on the induced GWs recently[21–25, 28, 30]. [21, 22] investigate
the possiblity of detecting the induced GWs from those inflationary models that could also
generate PBHs as DM. [23] explores the possibility of detecting the induced GWs from SM due
to Higgs meta-stability during inflation. [24] makes a great progress in analytically solving
the equation of motion for the induced tensor perturbation. In[25] some of the authors of
this paper extrapolate the scalar perturbation to be non-Gaussian, and forecast a distinctive
observational perspective in the induced GWs for such non-Gaussianity. They further claim
that if PBHs can serve as all the DM in the current affordable window MPBH ∼ 1020g to 1022g,
the induced GWs must be detectable by LISA like interfereometers. [29, 30] further constrain
the curvature perturbations at small scales from the induced GWs probed by the existing and
planned GW experiments. In these works, we noticed that the shape of the energy-density
spectrum of induced GWs is sensitive to the shapes and positions of the peaks in the scalar
perturbation. This motivates us to study the GWs induced by multiple peaks, which can be
easily generated by inflation model with multiple fields or multiple inflection points[56, 57].
We identify a multiple-peak structure of induced GWs from primordial scalar perturbations
with multiple-peak.
The outline for this paper is as follows: In section 2, the formalism of induced GWs is
reviewed for the clarity of our notation; In section 3, we obtain the energy-density spectrum of
induced GWs from Gaussian scalar perturbations with δ-peak, and a multiple-peak structure
is analytically identified; In section 4, we find the same multiple-peak structure for the energy-
density spectrum of induced GWs from Gaussian scalar perturbations with Gaussian peak. In
section 5, we further extend our discussion into the case of non-Gaussian scalar perturbations.
The section 6 is devoted to conclusion.
2 Induced GWs from Gaussian scalar perturbations
To set the notation, we first review the formalism of induced GWs, and we will follow closely
the reference[24].
2.1 Source term
To compute the induced GWs, one starts with the following metric
ds2 = a2(η)
{
−(1 + 2Φ)dη2 +
[
(1− 2Φ)δij + 1
2
hij
]
dxidxj
}
, (2.1)
where η is the conformal time, Φ is the first-order scalar perturbation and hij is the induced
GWs. The first-order GWs, the vector perturbations, and the anisotropic stress ([18, 58, 59]
showed its effect turns out to be small) are neglected here. Then the equation of motion for
the GWs hij can be derived from the Einstein equation straightforwardly.
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The Fourier transform of GWs is defined as usual by
hij(x, η) =
∫
d3k
(2pi)3/2
eik·x[hk(η)eij(k) + h¯k(η)e¯ij(k)], (2.2)
where the two time-independent polarization tensors eij(k) and e¯ij(k) can be written as
eij(k) ≡ 1√
2
[ei(k)ej(k)− e¯i(k)e¯j(k)], (2.3)
e¯ij(k) ≡ 1√
2
[ei(k)e¯j(k) + e¯i(k)ej(k)], (2.4)
and ei(k) and e¯i(k) are orthonormal basis vectors with respect to k. The source term is
defined as
Sij(x, η) ≡ 4Φ∂i∂jΦ + 2∂iΦ∂jΦ− 4
3(1 + w)H2∂i(Φ
′ +HΦ)∂j(Φ′ +HΦ), (2.5)
where w = P/ρ is the equation of state parameter of pressure P and energy density ρ, and
H = aH is the conformal Hubble parameter, and (. . . )′ denotes a derivative with respect to
conformal time η. Then the equation of motion of induced GWs in Fourier space reads
h′′k + 2Hh′k + k2hk = S(k, η), (2.6)
where
S(k, η) = −4eij(k)Sij(k, η) = −4eij(k)
∫
d3x
(2pi)3/2
e−ik·xSij(x, η). (2.7)
This equation of motion can be solved by Green’s function method, and the solution is
hk(η) =
1
a(η)
∫
dη˜Gk(η; η˜)[a(η˜)S(k, η˜)], (2.8)
where the Green’s function satisfies
G′′k + (k
2 − a
′′
a
)Gk = δ(η − η˜). (2.9)
One then splits the Fourier transformation of first-order scalar perturbations Φk(η) into
transfer function Φ(kη) and primordial fluctuations φk,
Φk(η) ≡ Φ(kη)φk, (2.10)
so that the transfer function Φ(kη) approaches unity well before the horizon entry. Now the
source term of the equation of motion can be written as
S(k, η) =
∫
d3k˜
(2pi)3/2
e(k, k˜)f(k, k˜, η)φkφk−k˜, (2.11)
where
e(k, k˜) ≡ eij(k)k˜ik˜j , (2.12)
f(k, k˜, η) =
8(3w + 5)
3(w + 1)
Φ(|k˜|η)Φ(|k− k˜|η) + 4(3w + 1)
2
3(w + 1)
η2Φ′(|k˜|η)Φ′(|k− k˜|η)
+
8(3w + 1)
3(w + 1)
η[Φ′(|k˜|η)Φ(|k− k˜|η) + Φ(|k˜|η)Φ′(|k− k˜|η)].
(2.13)
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2.2 Power spectrum
The dimensionless power spectrum of GWs is defined by
〈hk(η)hl(η)〉 = δ(3)(k+ l)2pi
2
k3
P˜h(η, k), (2.14)
and the energy-density spectrum is defined as
ΩGW(η, k) =
1
24
(
k
H(η)
)2
P˜h(η, k), (2.15)
where the two polarization modes have been summed over, and the overline means oscilllation
average or time average[60]. The energy-density spectrum denotes the fraction of the GWs
energy density in total energy density per unit logarithmic frequency.
In order to get the observationally relevant quantity ΩGW(η, k), one starts with the
calculation of the two-point correlation function of hk,
〈hk(η)hl(η)〉 =
〈
1
a(η)
∫ η
η0
dη˜Gk(η; η˜)[a(η˜)S(k, η˜)]
1
a(η)
∫ η
η0
dηˆGl(η; ηˆ)[a(ηˆ)S(l, ηˆ)]
〉
, (2.16)
where the reference time η0 = 0 hereafter. After defining
I(k,p, η) ≡
∫ η
η0
dη˜
a(η˜)
a(η)
Gk(η; η˜)f(k,p, η˜), (2.17)
one gets
〈hk(η)hl(η)〉 =
∫
d3p
(2pi)3/2
e(k,p)
∫
d3q
(2pi)3/2
e(l,q)I(k,p, η)I(l,q, η)〈φpφk−pφqφl−q〉. (2.18)
Assuming φk is Gaussian, one can utilize the relation of four-point correlator and two-
point correlator
〈φpφk−pφqφl−q〉 = 〈φpφk−p〉〈φqφl−q〉+ 〈φpφq〉〈φk−pφl−q〉+ 〈φpφl−q〉〈φk−pφq〉, (2.19)
and the definition of dimensionless power spectrum of primordial scalar perturbations
〈φkφp〉 = δ(3)(k+ p)2pi
2
k3
P˜φ(k), (2.20)
to simplify (2.18). One obtains
〈hk(η)hl(η)〉 = δ(3)(k+ l)
∫
d3p
pi
2
1
|p|3|k− p|3 P˜φ(|p|)P˜φ(|k− p|)
× [e(k,p)e(−k,−p)I(k,p, η)I(−k,−p, η) + e(k,p)e(−k,p− k)I(k,p, η)I(−k,p− k, η)].
(2.21)
Here one introduces three dimensionless variables u ≡ |k−p|/k, v ≡ |p|/k and x ≡ kη,
and compare (2.21) with (2.14). Finally one has [24]
P˜h(η, k) =
1
4
∫ ∞
0
dv
∫ 1+v
|1−v|
du
(
4v2 − (1 + v2 − u2)2
4uv
)2
I2(u, v, x)P˜φ(ku)P˜φ(kv), (2.22)
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where
I(u, v, x) ≡ I(k,p, η)k2. (2.23)
The time evolution information of power spectrum is contained in the transfer function
Φ(kη), which satifies the following constraint equation
Φ′′(kη) +
6(1 + w)
(1 + 3w)
1
η
Φ′(kη) + wk2Φ(kη) = 0 (2.24)
in the absence of entropy perturbations.
2.3 Radiation era
In the RD era, the solution to (2.9) and (2.24) are
kGk(η, η˜) = sin(x− x˜) (2.25)
and
Φ(kη) =
9
x2
(
sin(x/
√
3)
x/
√
3
− cos(x/
√
3)
)
, (2.26)
where x˜ ≡ kη˜ and x ≡ kη.
Since our interset is mainly focused on the GW spectrum observed today, one could
take the late-time limit η →∞ or x→∞. Following the methods in[24], one has
I(u, v, x→∞) = 27
4u3v3x
(u2 + v2 − 3)
{
sinx
[
−4uv + (u2 + v2 − 3) ln
∣∣∣∣3− (u+ v)23− (u− v)2
∣∣∣∣]
− cosx
[
pi(u2 + v2 − 3)Θ 1
2
(u+ v −
√
3)
]}
,
(2.27)
where Θs(x) is defined as
Θs(x) =

1, x > 0
s, x = 0
0, x < 0
(2.28)
In the late-time limit, the energy-density spectrum is given by
ΩGW(k) ≡ ΩGW(η →∞, k) = 1
24
∫ ∞
0
dv
∫ 1+v
|1−v|
duT (u, v)P˜φ(ku)P˜φ(kv), (2.29)
where
T (u, v) = 1
4
(
4v2 − (1 + v2 − u2)2
4uv
)2 [
27
4u3v3
(u2 + v2 − 3)
]2
× 1
2
{[
−4uv + (u2 + v2 − 3) ln
∣∣∣∣3− (u+ v)23− (u− v)2
∣∣∣∣]2 + [pi(u2 + v2 − 3)Θ 12 (u+ v −√3)]2
}
.
(2.30)
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Figure 1. The energy-density spectrum of induced GWs from primordial scalar perturbations without
non-Gaussianity. Left : Induced GWs from primordial scalar perturbations with a single δ-peak (blue),
or a single σ-peak with width σ = 10−1k∗ (red), or a single σ-peak width σ = 10−1k∗ (green)
but without using narrow-width approximation (4.5). Right : Induced GWs from primordial scalar
perturbations with double δ-peaks (blue), or double σ-peaks with width σ = 10−1k∗1 (red), or double
σ-peaks with width σ = 10−1k∗1 (green) but without using narrow-width approximation. Note that,
we are sloppy about the normalization factor Aφ in all cases, since it only affects the magnitude
instead of the position of peaks, thus the vertical axis values are not subjected to any observational
reference.
3 Toy model with δ-peak
We start with a toy model where the dimensionless power spectrum of scalar perturbations
exhibits multiple δ-peaks at wave-vectors k∗i with proper dimensionless normalization Aφi,
P˜φ(k) =
n∑
i=1
Aφiδ
(
ln
k
k∗i
)
. (3.1)
Hereafter k∗i is set to meet 0 < k∗1 < k∗2 < · · · < k∗n.
3.1 Single δ-peak
The energy-density spectrum of induced GWs from scalar perturbations with a single δ-peak
in power spectrum can be computed directly from
Ω1,δGW(k) =
1
24
∫ ∞
0
dv
∫ 1+v
|1−v|
duT (u, v)P˜φ(ku)P˜φ(kv), (3.2)
which, after noting that δ(ln k˜u) = k˜−1δ(u− k˜−1) with k˜ ≡ k/k∗, becomes
Ω1,δGW(k) =
1
24
∫ ∞
0
dv
∫ 1+v
|1−v|
duT (u, v)k˜−2δ(u− k˜−1)δ(v − k˜−1), (3.3)
namely,
Ω1,δGW(k) =
A2φ
24k˜2
T
(
1
k˜
,
1
k˜
)
Θ0(2− k˜). (3.4)
In the left panel of Fig.1, the energy-density spectrum of induced GWs from scalar
perturbations with a single δ-peak in power spectrum is presented with blue line. As one
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can see, there is a peak at wave-vector of k = 2k∗√
3
, which can be easily found from the pole
of T
(
1
k˜
, 1
k˜
)
, namely, 3−
(
1
k˜
+ 1
k˜
)2
= 0 in the logarithmic factor. It is worth noting that the
low-frequency growth of Ω1,δGW is around k
2, consistent with the observations in[25, 29].
3.2 Double δ-peaks
If there are double δ-peaks in the power spectrum of scalar perturbations,
P˜φ(k) = Aφ1δ
(
ln
k
k∗1
)
+Aφ2δ
(
ln
k
k∗2
)
≡
∑
i=1,2
Aφik∗iδ(k − k∗i), (3.5)
the corresponding energy-density spectrum of induced GWs can be computed directly as
Ω2,δGW(k) =
1
24
[
A2φ1
k2∗1
k2
T
(
k∗1
k
,
k∗1
k
)
Θ0(2k∗1 − k) +A2φ2
k2∗2
k2
T
(
k∗2
k
,
k∗2
k
)
Θ0(2k∗2 − k)
+2Aφ1Aφ2
k∗1k∗2
k2
T
(
k∗1
k
,
k∗2
k
)
Θ0(k∗1 + k∗2 − k)Θ0(k − |k∗1 − k∗2|)
]
. (3.6)
In the right panel of Fig.1, the energy-density spectrum of induced GWs from scalar
perturbations with double δ-peaks in power spectrum is presented with blue solid line. As
one can see, there is a triple-peak structure at around k∗1, whose wave-vectors can be inferred
from the pole of T (u, v),
3− (u+ v)2 = 0, 4v2 − (1 + v2 − u2)2 6= 0, u2 + v2 − 3 6= 0, (3.7)
i.e.,
u+ v =
√
3,
{
u 6= 0
v 6= √3 ,
{
u 6= √3
v 6= 0 ,
{
u 6= 12(
√
3± 1)
v 6= 12(
√
3∓ 1) (3.8)
If one further requires v > 0 and |1 − v| < u < 1 + v, then the pole of T (u, v) would be
simply from the condition u+ v =
√
3. Therefore, for our double δ-peaks, the three poles of
T
(
k∗1
k
,
k∗1
k
)
, T
(
k∗1
k
,
k∗2
k
)
, T
(
k∗2
k
,
k∗2
k
)
(3.9)
are given by the conditions
k∗1
k
+
k∗1
k
=
√
3,
k∗1
k
+
k∗2
k
=
√
3,
k∗2
k
+
k∗2
k
=
√
3, (3.10)
respectively, namely,
k =
1√
3
(k∗1 + k∗1),
1√
3
(k∗1 + k∗2),
1√
3
(k∗2 + k∗2). (3.11)
A special case is that k∗2 = 2k∗1 for our double δ-peaks in scalar perturbations. The energy-
density spectrum Ω2,δGW(k) of induced GWs would produce the triple-peak structure
k
k∗1
=
2√
3
,
3√
3
,
4√
3
, (3.12)
which has the similar structure for GW energy-density spectrum induced by sclar perturba-
tions with a single narrow peak and primordial non-Gaussianities[25].
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3.3 Multiple δ-peaks
The general case of multiple(n) δ-peaks in the scalar perturbations
P˜φ(k) =
n∑
i=1
Aφik∗iδ(k − k∗i) (3.13)
goes parallel to the double δ-peaks, and the corresponding energy-density spectrum of induced
GWs reads
Ωn,δGW(k) =
1
24
n∑
i,j=1
AφiAφjk∗ik∗j
∫ ∞
0
dv
∫ 1+v
|1−v|
duT (u, v)δ(ku− k∗i)δ(kv − k∗j), (3.14)
namely,
Ωn,δGW(k) =
1
24
n∑
i,j=1
AφiAφj
k∗ik∗j
k2
T
(
k∗i
k
,
k∗j
k
)
Θ0(k∗i + k∗j − k)Θ0(k − |k∗i − k∗j |), (3.15)
with C2n+1 peaks given by
kij =
1√
3
(k∗i + k∗j). (3.16)
It is worth noting that, there are at most C2n+1 and at least n peaks, because some of kij
could be identical for the combination (k∗i+k∗j)/
√
3, and some of peaks at kij vanish due to
Θ0 if kij /∈ (|k∗i − k∗j |, k∗i + k∗j). The obtained multiple-peak structure can be understood
as resonant amplification, which can be easily seen from the equation of motion (2.6) of form
h′′k + k
2hk ∼ S(k, η) ∼
n∑
i,j=1
sin(
k∗i√
3
η) sin(
k∗j√
3
η), (3.17)
here hk is resonantly amplified when
k =
+k∗i + k∗j√
3
,
+k∗i − k∗j√
3
,
−k∗i + k∗j√
3
,
−k∗i − k∗j√
3
. (3.18)
For convenience, we introduce here the dubbed wave-vector factor
Fδ(k; k∗i, k∗j) ≡ Θ0(k∗i + k∗j − k)Θ0(k − |k∗i − k∗j |), (3.19)
that will be interpreted as result of momentum conservation in the next section.
4 Realistic model with σ-peak
δ-function peak has infinitesimal width which seems not natural, as usual inflation models
predict primordial scalar perturbations with finite peaks. Therefore, we turn to more realistic
Gaussian peaks with finite width σ, dubbed σ-peak model, which can be parameterized as
Pφ(k) =
Aφ
(2pi)3/22σk2∗
e−
(k−k∗)2
2σ2 . (4.1)
Here, we require that the width of the peak is narrow, i.e. k∗  σ, and Aφ is a dimensionless
amplitude, ∫
d3kPφ(k) =
∫
dk4pik2Pφ(k) ≈ 4pik2∗
∫
dkPφ(k) = Aφ (4.2)
whose precise value is not of our concern as for our purpose to show.
– 8 –
4.1 Single σ-peak
Using the rescaled dimensionless parameters k˜ ≡ k/k∗ and  ≡ σ/k∗  1, one can also
rewrite the primordial scalar power spectrum as a dimensionless form,
P˜φ(k˜) ≡ 4pik3Pφ(k) = Aφk˜
3
√
2pi
e−
(k˜−1)2
22 . (4.3)
The energy-density spectrum of induced GWs from scalar perturbations with a single σ-peak
in power spectrum can thus be computed as
Ω1,σGW(k˜) =
1
24
∫ ∞
0
dv
∫ 1+v
|1−v|
duT (u, v)P˜φ(k˜u)P˜φ(k˜v)
=
A2φk˜
6
24(2pi)2
∫ ∞
0
dv
∫ 1+v
|1−v|
duT (u, v)u3v3e− (k˜u−1)
2+(k˜v−1)2
22 . (4.4)
For a sufficiently narrow width of σ-peak (  1), the energy-density spectrum of
induced GWs can be approximated (narrow-width approximation) as
Ω1,σGW(k˜) ≈
A2φk˜
6
24(2pi)2
T
(
1
k˜
, 1
k˜
)
k˜3k˜3
∫ ∞
0
dv
∫ 1+v
|1−v|
du e−
(k˜u−1)2+(k˜v−1)2
22 . (4.5)
After turning to the new variables s = u+ v and t = u− v, the energy-density spectrum of
induced GWs
Ω1,σGW(k˜) =
A2φ
24(2pi)2
T
(
1
k˜
,
1
k˜
)∫ ∞
1
ds
∫ 1
−1
dt
1
2
e−
k˜2t2+(k˜s−2)2
42 (4.6)
can be integrated analytically as
Ω1,σGW(k˜) =
A2φ
24(2pi)2
T
(
1
k˜
,
1
k˜
)
pi2k˜−2erf
(
k˜
2
)[
1 + erf
(
2− k˜
2
)]
, (4.7)
namely,
Ω1,σGW(k˜) =
A2φ
24k˜2
T
(
1
k˜
,
1
k˜
)
1
2
erf
(
k˜
2
)[
1 + erf
(
2− k˜
2
)]
. (4.8)
In the vanishing width limit (→ 0) of σ-peak,
erf
(
k˜
2
)
→ 1, 1
2
[
1 + erf
(
2− k˜
2
)]
→ Θ 1
2
(2− k˜), (4.9)
the energy-density spectrum of induced GWs (4.8) recovers the result of single δ-peak as
expected,
lim
σ→0
Ω1,σGW(k˜) =
A2φ
24k˜2
T
(
1
k˜
,
1
k˜
)
Θ 1
2
(2− k˜) = Ω1,δGW(k˜). (4.10)
Note that the difference of Θ0(x) and Θ 1
2
(x) does not affect the result since T (12 , 12) = 0.
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In the left panel of Fig.1, the energy-density spectrum of induced GWs from a single
σ-peak with width σ = 10−1k∗ in scalar perturbations is presented as a red solid line, which
manifests exactly the same peak structure around the scale k = 2k∗√
3
as in the case of single
δ-peak. As a comparison, we also present with green solid line the induced GWs from a
single σ-peak with the same width σ = 10−1k∗ in scalar perturbations but without using the
narrow-width approximation (4.5). As one can see, the small-scale peak position remains
unchanged but becomes less cuspy, and the slightly suppressed large-scale growth behaves
exactly the same k3-law as found in the case with non-Gaussianity[25].
4.2 Multiple σ-peaks
Now we generalize above derivation into the case of multiple(n) σ-peaks with n ≥ 2. The
dimensionless power spectrum of scalar perturbation is defined by
P˜φ(k) =
n∑
i=1
Aφik∗i√
2piσ
e−
(k−k∗i)2
2σ2 , (4.11)
and the corresponding energy-density spectrum of induced GWs from scalar perturbations
with such multiple σ-peaks in power spectrum reads
Ωn,σGW(k) =
1
24
∫ ∞
0
dv
∫ 1+v
|1−v|
duT (u, v)P˜φ(ku)P˜φ(kv)
=
1
24
n∑
i,j=1
AφiAφj
k∗ik∗j
2piσ2
∫ ∞
0
dv
∫ 1+v
|1−v|
duT (u, v)e−
(ku−k∗i)2
2σ2
− (kv−k∗j)
2
2σ2 . (4.12)
For a sufficiently narrow width (k∗i  σ) and sufficiently distant (|k∗i − k∗j |  σ)
σ-peak, the energy-density spectrum of induced GWs can be approximated (narrow-width
approximation) as
Ωn,σGW(k) ≈
1
24
n∑
i,j=1
AφiAφj
k∗ik∗j
2piσ2
T
(
k∗i
k
,
k∗j
k
)∫ ∞
0
dv
∫ 1+v
|1−v|
du e−
(ku−k∗i)2
2σ2
− (kv−k∗j)
2
2σ2 . (4.13)
After turning to the new variables s = u+v and t = u−v, the GWs energy-density spectrum
Ωn,σGW(k) =
1
24
n∑
i,j=1
AφiAφj
k∗ik∗j
2piσ2
T
(
k∗i
k
,
k∗j
k
)∫ ∞
1
ds
∫ 1
−1
dt
1
2
e−
(ku−k∗i)2
2σ2
− (kv−k∗j)
2
2σ2 (4.14)
can be integrated analytically as
Ωn,σGW(k) =
1
24
n∑
i,j=1
AφiAφj
k∗ik∗j
2piσ2
T
(
k∗i
k
,
k∗j
k
)
piσ2
2k2
×
[
erf
(
k − (k∗i − k∗j)
2σ
)
+ erf
(
k + (k∗i − k∗j)
2σ
)][
1 + erf
(
k∗i + k∗j − k
2σ
)]
,
(4.15)
namely
Ωn,σGW(k) =
1
24
n∑
i,j=1
AφiAφj
k∗ik∗j
k2
T
(
k∗i
k
,
k∗j
k
)
Fσ(k; k∗i, k∗j), (4.16)
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Fδ( k ; k*i , k*j )
Fσ( k ; k*i , k*j )
4σ
|k*i-k*j | k*i+k*j
0
1
k
Figure 2. Illustration of the wave-vector factors Fδ(k; k∗i, k∗j) and Fσ(k; k∗i, k∗j) of δ-peak (blue)
and of σ-peak (red) with respect to the norm of wave-vector k.
where we have introduced the wave-vector factor of σ-peak
Fσ(k; k∗i, k∗j) ≡ 1
4
[
erf
(
k − |k∗i − k∗j |
2σ
)
+ erf
(
k + |k∗i − k∗j |
2σ
)][
1 + erf
(
k∗i + k∗j − k
2σ
)]
(4.17)
showed in the Fig.2 along with previously defined wave-vector factor Fδ(k; k∗i, k∗j) of δ-peak.
In the right panel of Fig.1, the energy-density spectrum of induced GWs from scalar
perturbations with double σ-peaks in power spectrum is presented as red solid line. The wave-
vectors of peak position are set at k∗1 = 1 and k∗2 = 2 with width σ = 10−1k∗1 and amplitude
Aφ1 = 10
−3 and Aφ2 = 10−4, respectively. As one can see, the peak structure of induced
GWs is exactly the same as in the case of double δ-peaks, which also reproduces exactly
the same triple-peak structure at the scales k/k∗1 = 2/
√
3, 3/
√
3, 4/
√
3 observed recently in
the case of single σ-peak in scalar perturbation with non-Gaussianity. We also present with
green solid line the induced GWs from double σ-peaks with the same width σ = 10−1k∗1
in scalar perturbations but without using the narrow-width approximation (4.13). As one
can see, the small-scale peak positions remain unchanged but becomes less cuspy, and the
slightly suprressed large-scale growth behaves exactly the same k3-law as found in[25].
4.3 Wave-vector factor
In the vanishing width limit (σ → 0) of σ-peak, the wave-vector factor Fσ(k; k∗i, k∗j) can be
obviously reduced to the previously defined wave-vector factor Fδ(k; k∗i, k∗j), both of which
describe some kind of constraint condition on k. We will show below that such a constraint
of wave-vector factor comes from momentum conservation.
Since the GWs (hk) are induced by the scalar perturbations and there are two scalar
perturbations φki and φkj in the source term of the equation of motion (2.6), the momentum
conservation requires
k = ki + kj , (4.18)
namely
kij ≤ k ≤ kij , (4.19)
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where
kij ≡ min |ki + kj | = |ki − kj |, kij ≡ max |ki + kj | = ki + kj . (4.20)
For dimensionless power spectrum of scalar perturbations with multiple σ-peaks,
P˜φ(k) =
n∑
i=1
Aφik∗i√
2piσ
e−
(k−k∗i)2
2σ2 , (4.21)
the probability density of scalar perturbations φ with momentum ki is assumed as
pσ(ki) =
1√
2piσ
e−
(ki−k∗i)2
2σ2 , (4.22)
and then the probability of GWs hij with momentum k can be given by
Pσ(kij ≤ k ≤ kij) = Pσ(kij ≤ k)Pσ(kij ≥ k). (4.23)
Setting µ = ki + kj and ν = ki − kj , we have
Pσ(kij ≤ k) =
∫ ∞
−∞
dµ
∫ k
−k
dν
1
2
pσ(ki)p
σ(kj)
=
1
2
[
erf
(
k − |k∗i − k∗j |
2σ
)
+ erf
(
k + |k∗i − k∗j |
2σ
)]
; (4.24)
Pσ(kij ≥ k) =
∫ ∞
k
dµ
∫ ∞
−∞
dν
1
2
pσ(ki)p
σ(kj)
=
1
2
[
1 + erf
(
k∗i + k∗j − k
2σ
)]
, (4.25)
which immediately gives rise to
Fσ(k; k∗i, k∗j) = Pσ(kij ≤ k ≤ kij). (4.26)
Similarly, for scalar perturbation with multiple δ-peaks, we also have
Fδ(k; k∗i, k∗j) = Pδ(kij ≤ k ≤ kij). (4.27)
Therefore, the wave-vector factor of both δ-peak and σ-peak can be interpreted as the prob-
ability of having wave-vector of GWs to obey the momentum conservation.
5 Induced GWs from non-Gaussian scalar perturbations
The induced GWs from non-Gaussian scalar perturbations with a single peak was studied
in[25]. In this section, we take an analytical investigation of GWs induced by multiple peaks
of scalar perturbations with non-Gaussianity.
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5.1 Energy-density spectrum
In order to get the energy-density spectrum of induced GWs, we start from (2.18). For a
non-Gaussian φNGk , the four-point correlator can be written as
〈φNGp φNGk−pφNGq φNGl−q〉 =〈φNGp φNGk−p〉〈φNGq φNGl−q〉+ 〈φNGp φNGq 〉〈φNGk−pφNGl−q〉
+ 〈φNGp φNGl−q〉〈φNGk−pφNGq 〉+ 〈φNGp φNGk−pφNGq φNGl−q〉c, (5.1)
since the one-point correlator is zero, where 〈. . . 〉c is the connected moment. Note that[61, 62]
〈φNGp φNGk−pφNGq φNGl−q〉c = (2pi)3δ(3)(k+ l)TφNG , (5.2)
where TφNG is a function of different momenta. In comparison to correlators like 〈φφ〉〈φφ〉,
the key point of 〈φφφφ〉c is that, it contains only one overall δ-function of δ(3)(k+ l), which
gives ∫
d3p
(2pi)3/2
e(k,p)
∫
d3q
(2pi)3/2
e(l,q)I(k,p, η)I(l,q, η)〈φNGp φNGk−pφNGq φNGl−q〉c = 0, (5.3)
since now the two integrals on the azimuth angles are independent thus gives zero result.
Therefore, the energy-density spectrum of induced GWs can be computed by
ΩGW(k) =
1
24
∫ ∞
0
dv
∫ 1+v
|1−v|
duT (u, v)P˜NGφ (ku)P˜NGφ (kv), (5.4)
where the (dimensionless) power spectrum for a non-Gaussian φNGk is defined as
〈φNGk φNGp 〉 = (2pi)3δ(3)(k+ p)PNGφ (k) = δ(3)(k+ p)
2pi2
k3
P˜NGφ (k). (5.5)
5.2 Multiple δ-peaks
For simplicity, we consider non-Gaussian scalar perturbations with local type non-Gaussianity
φNG(x) = φ(x) + fNL
[
φ2(x)− 〈φ2(x)〉] , (5.6)
where φ(x) is the Gaussian perturbation. We get the corresponding (dimensionless) power
spectrum
〈φNGk φNGp 〉 = (2pi)3δ(3)(k+ p)PNGφ (k) = δ(3)(k+ p)
2pi2
k3
P˜NGφ (k), (5.7)
= (2pi)3δ(3)(k+ p)
[
Pφ(k) + 2f
2
NL
∫
d3lPφ(|l|)Pφ(|k− l|)
]
. (5.8)
Then the dimensionless power spectrum reads
P˜NGφ (k) = P˜φ(k) +
k3
2pi
f2NL
∫
d3l
1
|l|3|k− l|3 P˜φ(|l|)P˜φ(|k− l|). (5.9)
After introducing new variables u = |k − l|/k and v = |l|/k, one finds the dimensionless
power spectrum of form
P˜NGφ (k) = P˜φ(k) + f
2
NL
∫ ∞
0
dv
∫ 1+v
|1−v|
du
1
u2v2
P˜φ(ku)P˜φ(kv). (5.10)
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Consider the case of multiple(n) δ-peaks in the power spectrum of a non-Gaussian scalar
perturbation,
P˜φ(k) =
n∑
i=1
Aφiδ
(
ln
k
k∗i
)
=
n∑
i=1
Aφik∗iδ(k − k∗i), (5.11)
then the power spectrum (5.10) with non-Gaussianity reads
P˜NGφ (k) =
n∑
i=1
Aφik∗iδ(k − k∗i) + f2NL
n∑
i,j=1
AφiAφj
k2
k∗ik∗j
Θ0(k∗i + k∗j − k)Θ0(k − |k∗i − k∗j |).
(5.12)
Now the product of P˜NGφ (ku)P˜
NG
φ (kv) can be computed directly as
P˜NGφ (ku)P˜
NG
φ (kv) =
n∑
i,l=1
AφiAφlk∗ik∗lδ(ku− k∗i)δ(kv − k∗l)
+ f2NL
n∑
i,l,m=1
AφiAφlAφmk∗i
k2v2
k∗lk∗m
δ(ku− k∗i)Θ0(k∗l + k∗m − kv)Θ0(kv − |k∗l − k∗m|)
+ f2NL
n∑
l,i,j=1
AφlAφiAφjk∗l
k2u2
k∗ik∗j
δ(kv − k∗l)Θ0(k∗i + k∗j − ku)Θ0(ku− |k∗i − k∗j |)
+ f4NL
n∑
i,j,l,m=1
AφiAφjAφlAφm
k2u2
k∗ik∗j
k2v2
k∗lk∗m
×Θ0(k∗i + k∗j − ku)Θ0(ku− |k∗i − k∗j |)Θ0(k∗l + k∗m − kv)Θ0(kv − |k∗l − k∗m|). (5.13)
To obtain the final integral of (5.4), one can compute each term in (5.13). Then, the energy-
density spectrum of induced GWs from non-Gaussian scalar perturbations with multiple
δ-peaks can be analytically obtained as
Ωn,δGW(k) =
1
24
n∑
i,l=1
AφiAφl
k2
k∗ik∗l
Til(k)Fδ(k; k∗i, k∗l)
+
1
24
f2NL
n∑
i,l,m=1
AφiAφlAφm
k3
k∗ik∗lk∗m
Tilm(k)Fδ(k; k∗i, k∗l, k∗m)
+
1
24
f4NL
n∑
i,j,l,m=1
AφiAφjAφlAφm
k4
k∗ik∗jk∗lk∗m
Tijlm(k)Fδ(k; k∗i, k∗j , k∗l, k∗m).
(5.14)
Here we have introduced the following abbreviations
Til(k) ≡ k
2
∗ik
2
∗l
k4
T
(
k∗i
k
,
k∗l
k
)
; (5.15)
Tilm(k) ≡ 2k
2
∗i
k2
∫ min( k∗l+k∗m
k
,1+
k∗i
k
)
max
( |k∗l−k∗m|
k
,
∣∣∣1− k∗ik ∣∣∣) dv v
2T
(
k∗i
k
, v
)
; (5.16)
Tijlm(k) ≡
∫ k∗l+k∗m
k
|k∗l−k∗m|
k
dv
∫ min( k∗i+k∗j
k
,1+v
)
max
(
|k∗i−k∗j |
k
,|1−v|
) du u2v2T (u, v), (5.17)
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and the definition of wave-vector factor
Fδ(k; k∗i, k∗l) ≡ Θ0(max |k∗i + k∗j | − k)Θ0(k −min |k∗i + k∗j |); (5.18)
Fδ(k; k∗i, k∗l, k∗m) ≡ Θ0(max |k∗i + k∗l + k∗m| − k)Θ0(k −min |k∗i + k∗l + k∗m|);
(5.19)
Fδ(k; k∗i, k∗j , k∗l, k∗m) ≡ Θ0(max |k∗i + k∗j + k∗l + k∗m| − k)Θ0(k −min |k∗i + k∗j + k∗l + k∗m|),
(5.20)
which come from the momentum conservation as we have discussed in the last section.
6 Conclusions
In this paper, the energy-density spectrum of induced GWs from a Gaussian scalar pertur-
bations is studied analytically in details for two different type of peaks at small scales,
δ-peak : P˜φ(k) =
n∑
i=1
Aφiδ(ln
k
k∗i
); (6.1)
Ωn,δGW(k) =
1
24
n∑
i,j=1
AφiAφj
k∗ik∗j
k2
T
(
k∗i
k
,
k∗j
k
)
Fδ(k; k∗i, k∗j); (6.2)
σ-peak : P˜φ(k) =
n∑
i=1
Aφik∗i√
2piσ
e−
(k−k∗i)2
2σ2 ; (6.3)
Ωn,σGW(k) =
1
24
n∑
i,j=1
AφiAφj
k∗ik∗j
k2
T
(
k∗i
k
,
k∗j
k
)
Fσ(k; k∗i, k∗j), (6.4)
where Fδ and Fσ are given by (3.19) and (4.17), respectively. A multiple-peak structure in
the energy-density spectrum of induced GWs is analytically identified at kij =
1√
3
(k∗i+k∗j),
which can be interpreted as a consequence of resonant amplification. Under the narrow-
width approximation, the energy-density spectrum of induced GWs contains an universal
factor that can be interpreted as the result of momentum conservation. These observations
also hold in the case of non-Gaussian scalar perturbations with multiple δ-peaks, whose
analytical expression of energy-density spectrum of induced GWs can be similarly obtained
in a compact form.
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A Triple δ-peaks
We present in Fig.3 all the possible cases of induced GWs from Gaussian scalar perturbations
with triple δ-peaks at k∗1 < k∗2 < k∗3, where the gray lines denote the positions of those
would-be peaks at
kij =
k∗i + k∗j√
3
, i, j = 1, 2, 3. (A.1)
The purpose of this appendix is to show that, there are at most C2n+1 = C
2
4 = 6 and at
least n = 3 peaks in the energy-density spectrum. In the first panel, the peaks at position
of k12 , k13 and k23 are vanish because they violate the momentum conservation condition
|k∗i − k∗j | < kij < k∗i + k∗j , similar cases also occur in the other panels for the vanishing
peaks. In the last panel, k22 = k13, which makes these two peaks overlap.
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Figure 3. The energy-density spectrum of induced GWs from scalar perturbations with triple δ-
peaks at k∗1 < k∗2 < k∗3. The gray lines denote the positions of those would-be peaks at kij with
i, j = 1, 2, 3.
B Constraints from PBH and GW
So far the peak position and corresponding amplitude of scalar perturbation are left as free
parameters, which could be constrained by the current non-detection of PBH. For scalar
perturbation with a single σ-peak at k∗ of width σ = 10−1k∗, the required peak amplitude
Aφ for the formation of PBH can be constrained in the mass-fraction plane as shown in
the top panel of Fig.4. The details and conventions for this calculation can be found in,
e.g.[72](see also[73]), where we have assumed a constant inflationary scale Hinf = 10
−5MPl,
an illustrative e-folding number NCMB = 60, an instantaneous reheating history Nreh = 0 and
a PBH formation threshold δc = 0.086[74]. As one can see, there are currently two windows
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Figure 4. Top: Constraints on the peak position k∗ and corresponding amplitude Aφ of scalar
perturbation that leads to the formation of PBH. We have adopted the PBH constraints from the
extragalactic photon (EGγ[49]), femtolensing of gamma-ray burst (Femto[63], however, see[64] for crit-
icism), white dwarf explosions (WD[65]), microlensing from Subaru Hyper Suprime-Cam (HSC[66]),
MACHO[67], EROS[68] and OGLE[69], ultrafaint dwarfs (UFD[70]) and CMB[71]. Bottom: The
PBH abundance in the presence of a second peak in the scalar perturbations, where the position and
amplitude of the first peak have been fixed for clarity. The position and amplitude of the second peak
have been fixed separately in the bottom left and right panels, respectively. The PBH abundance is
insensitive to the second peak in scalar perturbation.
for PBH making up all DM with following choices for the parameters:
10−16M .MPBH . 10−14M : e37.83 .
k∗
kCMB
. e40.13, 10−4.54 & Aφ & 10−4.57; (B.1)
10−13M .MPBH . 10−11M : e34.37 .
k∗
kCMB
. e36.67, 10−4.49 & Aφ & 10−4.52. (B.2)
One can also show that the PBH abundance is insensitive to the second peak in the
scalar perturbations. To see this, we first fix the position and amplitude of the first peak
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Figure 5. In the first two panels, we present the observed induced GWs from scalar perturbation with
double δ-peaks that could later collapse into PBHs constrained by 4. The first panel is subjected to
the mass window (B.2), and the second panel is subjected to the mass window (B.1). The amplitude
of the second peak is varied from 10−6 to 10−1. In the last two panels, we forget about the PBH
constraint, therefore, we are free to adjust the position and amplitude of both peaks so that the
induced GWs could probe the sensitivity ranges of each GW detector.
in the scalar perturbations at k∗1 = e35kCMB, A1 = 10−4.5. Then one can change separately
the position and amplitude of the second peak in the scalar perturbations, respectively. The
PBH abundance is unchanged as shown in the bottom panels of Fig.4. The reason for this
insensitivity lies in the configuration of peak width σ = k∗1 for all peaks, then the relative
width of second peak k∗2 is more narrow than the first peak k∗1, namely σ/k∗2 = k∗1/k∗2 <
 = σ/k∗1, therefore, the PBH abundance (the area below the curve in the PBH constraint
plane) is primarily determined by the first peak in the scalar perturbations. However, the
second peak could play a more important role when the width of each peak could be configured
separately, which will be explored in future.
Nevertheless, the effect of second peak in the scalar perturbation could manifest itself
on the induced GWs, which is illustrated in the Fig.5 for a scalar perturbation with double
δ-peaks. In the first two panels, the first peak of scalar perturbation is fixed to meet the
PBH constraint in Fig.4, where the first panel is subjected to the mass window 10−13M .
MPBH . 10−11M, and the second panel is subjected to the mass window 10−16M .
MPBH . 10−14M. With increasing amplitude of the second peak in scalar perturbation,
the first peak in the induced GWs becomes invisible. In the last two panels that are not
subjected to any PBH constraint, both the position and amplitude of each peak of scalar
perturbation are free to choose so that the resulting induced GWs could overlap with each
sensitivity range of all GW detectors.
– 18 –
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